CERN-TH/2005-021 
hep-th/0502066 



Gauged supergravity algebras from 
twisted tori compactifications with fluxes. 



Gianguido Dall'Agata and Sergio Ferrara 

Physics Department, 
Theory Unit, CERN, 
Geneva 23, CH1211, Switzerland 



ABSTRACT 



Using the equivalence between Scherk-Schwarz reductions and twisted tori compactifica- 
tions, we discuss the effective theories obtained by this procedure from M-theory and TV = 4 
type II orientifold constructions with Neveu-Schwarz and Ramond-Ramond form fluxes 
turned on. We derive the gauge algebras of the effective theories describing their general 
features, in particular the symplectic embedding in the duality symmetries of the theory. 
The generic gauge theory is non-abelian and its gauge group is given by the semi-direct 
product of subgroups of SL{7) or SL{p — 3) x 5*17(9 — p) for p = 3, . . . , 9, with generators 
describing nilpotent subalgebras of 67(7) or so(6,6) (in M and type II theories respectively). 



1 Introduction 



The addition of fluxes to string theory backgrounds is an important perturbative mechanism 
to address the moduh stabihzation problem. When considering the effective theory, the flux 
backreaction on the geometry is often neglected and the potential is expressed in terms of 
the fluxes and the geometrical structures of the original manifold. For instance, in type 
IIB A/" = 1 compactifications on Calabi-Yau manifolds Yq, the addition of fluxes induces a 
superpotential on the effective theory which reads pQ 



This expression depends on the complex 3-form flux G and on the holomorphic form on 
the Calabi-Yau. This allows to fix the axio/dilaton moduli as well as all the complex- 
structure deformations. This type of approximation is usually justified by the fact that the 
introduction of fiuxes often leads simply to the addition of a conformal factor in front of the 
internal manifold. When this happens, at least in the "small fiux" approximation, one is 
allowed to describe the moduli of the effective theory in terms of the moduli of the original 
fiux-less background. 

Generally, however, the fluxes backreaction deforms non-trivially the geometry of the 
internal manifold and this deformation must also induce a change to the effective potential. 
For the Heterotic string it has been shown [21 E] that such modiflcations are captured by the 
following superpotential: 



This expression takes into account the appearance of a twist on the internal manifold which 
reflects in dJ ^ 0. Since also the Kahler form appears in the potential, there is the possibility 
that all the moduli may be flxed. Obviously the generic moduli space of such internal 
manifolds can be very different from that of Calabi-Yaus and it is not clear how to discuss 
the effective scalar a-model for such compactifications. There is however at least one case 
where the effective theory should have an easy description: the twisted tori solutions. 

It is known since the original papers by Scherk and Schwarz |3] that their mechanism 
to introduce masses in effective theories coming from string compactifications on tori is 
equivalent to compactifying the same theories on twisted versions of the same manifolds, 
where one deforms both the complex and Kahler structures. The twist can be read in terms 
of the original moduli of the straight torus as the introduction of mass couplings. In this way 
one has some control on both the complex and Kahler deformations of the internal manifold 
from the effective theory point of view. 




(1.1) 




(1.2) 
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Such an idea was recently used in 0, following 0, to show that in type IIA compactifi- 
cations on twisted /Z2 x Z2 all the moduli can be stabilized. It is natural to try to extend 
this type of analysis to more general compactifications in M-theory as well as in type IIA 
and IIB supergravity. One should first determine which are the deformations of the effective 
gauged supergravities due to the twisting of the internal manifold (in addition to the fluxes). 
Then one should compute the scalar potentials and analyze moduli stabilization. Finally, 
one should interpret the values of the moduli at the fixed points in terms of the geometry of 
the internal manifolds, possibly giving the expressions for dJ and dVL. Part of this analysis 
(though in a complementary approach) was carried out for some type II compactifications 
on twisted tori which result from series of T-dualities on flat jZ^ in j7| |H]. There the 
authors argued the form of the effective superpotential and determined the conditions to 
obtain supersymmetric vacua. 

Here we will focus on M-theory compactifications on a twisted with a physical 4- 
form flux and on the A/" = 4 type II orientifold compactifications presented in to 
which we add a twist of the internal geometry. In particular, we will complete the first step 
of the analysis detailing the structure of the gauge algebras of the effective theories and 
their embedding in the electric group, marking the differences with respect to [HI CHI- The 
resulting general structure of the algebra can be summarized by the commutators of two 
type of generators: Kaluza-Klein generators Z^ and tensor gauge generators X^. The first 
type of generators gives the symmetries of the internal metric, while the second one gives 
the gauge symmetries of the 10-dimensional form fields. The structure that we obtain is the 
following: 

[Xq,,X^] = 0, 

[Z^,X„] = [fAoP ^rAoP)Xfi, (1.3) 

\ZaiZ^ = fAB°'Xa + TAB'^'Zc- 

The non-trivial structure constants are related to either the appearance of fluxes /, or to 
the Scherk-Schwarz reduction r. These structure constants must satisfy some non-trivial 
constraints (following also from the Jacobi identities) which can be interpreted in terms 
of the original 10 or 11-dimensional theory as the Bianchi identities of the fluxes or as 
the invariance of the volume measure of the internal manifold under change of coordinates. 
We point out that the Lie algebra structure in (jl.3|) strictly applies only when additional 
relations among r and / exist, which are stronger than the integrability conditions in = 10 
OT D = 11. However, when these latter are satisfied, one can show that (jl.3|) has a non trivial 
extension to a free differential algebra, whose "structure constants" / for the quadratic part 
of the curvature of the 1-form potentials do not fulfill the relations of an ordinary Lie algebra 
but rather of a free differential algebra |19j . 
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The deformation of the effective theory due to the 10- or 11 -dimensional fluxes is equiva- 
lent to the gauging of some Peccei-Quinn isometries of the scalar manifold whose generators 
form a nilpotent subalgebra. The Scherk-Schwarz reduction on the other hand has an ac- 
tion on the gauge vectors which can be interpreted as that of generators forming a triangular 
subgroup of the duality group £'7(7) or S0{6, 6). Although this includes a nilpotent part, it 
does not coincide nor necessarily contain the one generated from the fluxes. 

The general action of the full duality group mixing vector field-strengths with their duals 
(-^7(7) G Sp{56) and S0{6, 6)xSL{2, M) G S'j9(24) for M-theory and type II compactifications 
respectively) is always lower triangular for Lagrangian theories: 



From the general structure of the algebra ()1.3|) we can only deduce directly the form of the 
matrix a, which is the one acting on the gauge vectors and may lead to non-abelian gauge 
groups. The matrix c on the other hand is determined by the Lagrangian couplings linear in 
the axion fields and containing two gauge field strengths. This latter has always a nilpotent 
structure and is obviously fixed by the gauging procedure through the determination of the 
Lagrangian. Since here we are going to focus only on the derivation of the gauge algebras, 
we will display the explicit form of S only for 3 simple examples. It should be noted that 
this action of the gauge group on the vector fields may be there also for abelian theories, 
where a = 0. The interesting new information that we gain from our analysis is that also the 
matrix a has a lower triangular form according to the decomposition of the duality group 
i?7(7) or 5*0(6, 6) with respect to SL{7) or SL{p — 3) x SL{9 — p) and, as said above, it will 
include a rotational part as well as a nilpotent one. 

A special case of this general analysis is given by the Scherk-Schwarz flat groups described 
in the context of A/" = 8 supergravity [TTl [T2I . Indeed the structure of those groups turns 
out to be a particular case of the ones considered here with respect to the structure of the 
a and c matrices shown above. 

This paper is organized as follows: in section |21 we consider M-theory on a twisted 7- 
torus with 4-form flux turned on and show how the M-theory gauge algebra is embedded in 
a lower triangular symplectic representation of i?7(7). In section |21 the analysis is extended to 
the type II orientifolds with fluxes on twisted 6-tori. Here the Scherk-Schwarz generators are 
those of SL{p — 3) and the embedding of the gauge algebra is presented as a lower-triangular 
representation of 5*0(6, 6), due to the 50(6, 6) grading with respect to 50(1, 1) x 50(1, 1) x 
SL{p — 3) X 5*L(9 — p) (the second 5*0(1, 1) being absent for p = 3,9). We finish in section 
0]with some comments. 




(1.4) 
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2 M— theory on twisted T with fluxes 



The strategy we are going to employ in the following is to determine the gauge algebra 
of the effective theories by looking at the gauge and Kaluza-Klein transformations of the 
metric and form fields which, once reduced on the internal manifold, give vector fields in 
4d. As the gauge algebra must close, so must the products of gauge transformations on the 
vector fields. Moreover, since vector fields span a faithful representation of the gauge group, 
we can derive all the commutators by evaluating the product of couples of infinitesimal 
transformations. Details of such a method can also be found in [Hj, where the gauge algebra 
of the Scherk-Schwarz reduction of Heterotic theory in the presence of fluxes was obtained. 

As a simple and instructive example which captures most of the general features of 
Scherk-Schwarz reductions in the presence of fluxes we now focus on M-theory compacti- 
fications on twisted with fluxes. The bosonic field content is simply given by the 11- 
dimensional metric G and a 3-form potential A. Once these fields are reduced to 4 dimen- 
sions one obtains the 4-dimensional metric G^iy, 28 vector fields, 7 coming from the metric 
G^M and 21 from the 3-form Afj_MN, 63 scalars, 28 coming from the metric Gmn and 35 
from the 3-form Amnp and 7 antisymmetric tensors A^^m, which, under certain conditions, 
can also be dualized to 7 scalars A*^, for a total of 70 scalars. 

In the reduction process the metric vectors will always maintain the same transformation 
rules regardless of the theory we start from. These are vectors coming from the reduction of 
the 11- (or 10-) dimensional metric tensor with one space-time index and one index on the 
internal space, for this reason adding fluxes to the form fields will never change their gauge 
transformation rule which reads jl] 



This gauge transformation is a consequence of the invariance of the original theory under 
diffeomorphisms of the internal manifold^. 

As noted by Scherk and Schwarz and as more precisely stated by Kaloper and Myers in 
inj, the Scherk-Schwarz reduction is essentially equivalent to a compactification on twisted 
tori. This means that if one labels the vielbeins of the internal manifold as e*^, the struc- 
ture constants r appearing in ()2.1|) are related to the non-trivial connection of the internal 
manifold 



for constant coefficients r. From this fact one also derives the main constraints that the 

structure constants must obey and which are also needed in order to fulfill the Jacobi identi- 

"'^A paper has appeared j2Sl where the equivalence between general Scherk-Schwarz phases and toroidal 
backgrounds with torsion and fluxes has been proved. 



bG^ = d^uj - T^puj G^ . 



(2.1) 



(2.2) 



4 



ties of the resulting gauge algebra in 4 dimensions. Closure of the differential on the vielbeins 
= applied to (Q gives 

'^[NP'^Q]S = 0- (2-3) 

The other condition, 

rl^N = 0, (2.4) 
comes instead from the requirement that the reduced action be invariant against internal 
coordinate transformations |1] and has also the interpretation of invariance of the measure 
of the internal volume under the same transformations [U]. 

In this reduction, the other 4-dimensional vector fields come from the reduction of the 
1 1-dimensional 3-form A. We will now detail the derivation of the transformation rules for 
such vector fields in order to explain the strategy which we are also going to use for the 
reduction of all the other forms in the type II examples, though not giving all the details as 
for this one. 

All the fields coming from the reduction of the 3-form field A are subject to transfor- 
mations under the relic of the 1 1-dimensional gauge symmetry A ^ A + dH as well as of 
the diffeomorphisms A A + C^^A. Since the Lie derivative of a scalar form field can be 
expressed as Cuj = iujd + diuj, we can see that the general variation of A under these combined 
transformations is 

6 A = iu;dA + di^A + dS. (2.5) 

This action is then inherited by the reduced degrees of freedom which come from the decom- 
position of A in external and internal components. From the 1 1-dimensional 3-form one 
gets 7 4-dimensional vector fields, 28 scalars and a cosmological constant term according to 
the decomposition 

A{x, y) = A^ypdx^ A dx"" ^dx'' + - Af,yM{x)dx^ A dx"" A {y) 

f 2 ^ ^2.6) 

+ 2 ^i^MN{x)dx^ A e^^(?/) A e^(i/) + - AMNp{x)e''\y) A e^(y) A e^(?/), 

where are the internal manifold vielbeins which reduce to e^^ = dy'^^ for fiat torus 
compactifications. When fluxes are introduced ()2.6p must change, but in a way that the 
correct transformation rules for the reduced fields are obtained. An appropriate ansatz for 
such a reduction is given by simply adding to the right hand side of ()2.f)j) a 3-form a = a{y) 
whose field-strength gives the flux 

A = a + a, (2.7) 

where a contains the expansion ()2.6|) and da = g = Qmnpq A A A e*^. From this 
we can read the transformation on the 4-dimensional fields 

5a = ii^da + di^a + + i^g. (2.8) 
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Finally, in order to get 4-dimensional fields which transform covariantly with respect to the 
gauge transformations, one also employs the composite definitions |3] 



^MNfi = -^MNn — -A-MNpG^ , (2.9) 

^Mfii^ = AAf^„ + AuNfiG^ — AmnuG^ + AmnpG^G^ , (2-10) 
A^up = A^up — 'iG^^A,yp]p + 3A[^MNGf,^Gp\ — AuNpG^fG^Gp. (2.11) 
The resulting transformations are 

SAmNP = ^^QQMNP + 'i^'^'TQ[MANP]S — 3T"[X/ArSp]5, (2.12a) 

^Ap^MN = d^T^MN + 2G^rp[jv/SAr]5 — 2lo'^Tq^j^jA^n]^s — ^^9rmnqG^ 

- rl,^Ks. (2.12b) 

5Ap_^M = '^d[p^u\M — '^Gy^Tp^T.y^Q + Lu'^TQj^..[A^yS + ^^dQMNpG^G^ 

- ^mnF^,, (2.12c) 
5A^,p = 3d[^t,p]-3Ffp,tpp]-uj'^gQMNpGffG^G^. (2.12d) 

where the non-abelian field-strength coming from the metric vectors is 

= 2d^,G^^ + t^qG^^G'^ , (2.13) 

and we also introduced the redefined gauge parameters = + T^mnG^ and S^,^ = 
E^jy — 2E[^7vG^ + T^mnG^G^ . It is interesting to point out that the last term in the 
transformation of the vector fields A^^mn is the result of the gauge invariance of A^^m which 
is a scalar when dualized. Once dualized, this tensor gauge invariance is lost and therefore the 
vector fields are subject only to their gauge transformations. It should be noted, however, 
that such dualization is not always easy when fiuxes are turned on and that one has to 
be very careful in the interpretation of the effective theory [ini CH HSl HEl HH HE] • Only 
after such dualization one gets the -^7(7) duality group and this is what we are going to 
discuss in the following. We will actually see that this dualization is not consistent unless 
the obstruction ()2.26|) vanishes. We note that although the gauge algebra is not touched by 
this dualization when compactifying directly to 4 dimensions, the results may change if one 
obtains the effective theory after intermediate steps to 5 or 6 dimensions where some of the 
tensor fields can be dualized to vectors. 

At this point we can determine the gauge algebra of the reduced theory by looking at the 
commutators of the gauge transformations of the vector fields presented in (j2.H) and ()2.12b|) . 
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Assigning to the gauge generators the labels 

Ta = {Zm,W^'''}, (2.14) 

matching the parameters {oj^ , '^mn} respectively, we can compute the commutators [5i^^, 
and which can be interpreted as the commutators [Z,Z] and [Z,W] of the gauge 

algebra. 

The first gives 



[SuJ2,^i^i]^tMMN — QmNPC^ + ^^G^T'lQM {^2^1 9n]PRs) 

~ 2 [Tpi^UJ2iOi^ T^yj^^A^N]S - {jpR^2^1^ gQMNsG^, 



provided one uses 



(2.15) 



^mn9npq]r = and r[^,/^r^j^ = 0. (2.16) 
This commutator can be interpreted as 

[<5a)2) ^uji]^fj.MN = Sy;Aij,MN + ^uj^fiMN, (2-17) 

where now Tjmn = ^2^1 Qmnpq and cj*^ = Tpf^uoJ^oo'^. As a result one obtains that 

uj^u^[Zp, Zq] = 4'qU^u?Zm + uj^u^gMNpgW^'', (2.18) 

which means 

[Zp, Zq] = 4'qZm + QkimpqW^'''. (2.19) 
The second commutator gives 

+ ri,^ {d,u;^J:sp - G^oo^t^qJIst) 

provided one uses 

''[MN' P]S 

This commutator can be interpreted as 

[Suj, Sj:]A^mN = SY;'Af^MN + TMN^^J.S: (2.22) 

where now S'^,^jy = 2co'-'^rpj^^Sjv]5 and = d^uj^T^sp — G^uj^Tpq'LsT- As a result one 
obtains that the commutator algebra closes only up to a gauge transformation of the tensor 
field A^yM- Up to this gauge transformation, the algebra of the vector fields then contains 
(jTTTHl and 

uj^'^RslZp, W""'] = 2^^r|(A,S^]5Vr^^, (2.23) 



(2.20) 



'TU[4N'Tp]s ~ 0- (2.21) 
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which means 

[Zp, W^^] = 2t]^qW^^^. (2.24) 
Summarizing, the resulting gauge algebra is 

[Zm,Zn] = gMNpgW^'^ + t[j^Zp, 

where in order to obtain this result one has to impose some constraints on the structure 
constants, namely rj^j^^ = 0, T[mn'^p]s ~ ^ ^"^^ '^[mn9pqR]s = 0- We have already seen the 
interpretation of the first two constraints from the 11-dimensional point of view. The last 
one also has an easy interpretation as the Bianchi identity of the 3-form gauge field A when 
acting with the differential on the internal space dg = 0. The Jacobi identities of the full 
algebra ()2.25|1 close when the flux is zero or when the Scherk-Schwarz torsion is zero, but 
do not close if both g ^ and r 7^ 0. Using the constraint ()2.1(ij) one gets that the Jacobi 
[Zm, [Zn, Zp]] + cyd. closes up to a term of the form 

W'^''4ngMNPs, (2.26) 

which can be compensated by a tensor gauge transformation acting on the vector fields. 
If one wants to consider collectively all these transformations, then one has to make use 
of a free-differential algebra formalism jTH]- Note that if ()2.26p vanishes, then ()2.25|) is an 
ordinary Lie algebra. This happens when the Scherk-Schwarz reduction is done in directions 
which are orthogonal to the 4-form fluxes, a relation which can have non-trivial solutions, 
as we will see in 13.41 

The gauge invariance in (j2.12j) tells us that the antisymmetric tensor A^^m have a "mag- 
netic" coupling to the A^^mn vectors of the type 

FfjivMN + TuN^t^vP (2.27) 

so that T^ijq can be identified with a "magnetic" mass term m^. From the Chern-Simons 
term we also have that the "dual" 4-form flux g^'-'^ = s^^^'^^^^ gMNPQ gives an "electric" 
contribution to the mass 

~g''''F^,ijAp„Ke^'^p% (2.28) 

so that g^'^^ = e^^. We see that the consistency condition of J3] e^^m^ — e^^m^ = 
becomes 

-IJMN -IJNM n lo on^ 

9 ^ij-g ^/j = , (2.29) 

which is a consequence of the Jacobi identity T^jgMNP]Q = of our gauge algebra. This is 
not surprising because the vectors A^mn gauge an abehan subalgebra of the gauge algebra. 
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On the other hand the vectors get their masses through the Scherk-Schwarz mechanism 
by eating some of the qmn scalars. 

However we also note that the covariant derivative of the Amnp scalars contains terms 
of the form 

l^fiAMNP = Q^Amnp + QmnpqG^ + 3T^jj^Af^p]Q — SG^^Tq^j^jAnpis , (2.30) 

so that it also contributes to the vector boson masses. Note however that this coupling 
is invariant under the shift symmetry 6A^mn = '''mn^ij^Q because of the Jacobi identity 
'^[mn'^p]s ~ 0- Therefore the scalars Amnp give mass to those vectors which are not eaten 
by the antisymmetric tensors. Because of the flux term, the vectors receive a contribution 
to the mass both from the metric scalars Gmn and from the form scalars Amnp- As expected, 
the physical mass will depend on both rj(|^ and Qmnpq- This is the linearized analysis, the 
full non-linear gauge invariance is more complicated because of the non-abelian nature of 
the Scherk-Schwarz gauge group. 

Let us now discuss the embedding of the gauge algebra in the 4-dimensional A/" = 8 
duality algebra. The gauge field strengths and their duals lie in the 56 of -^7(7) and the full 
action of the algebra on them is described by a lower-triangular matrix 

-5 = f ! °T V (2.31) 



c —a 



where a is the part acting on the gauge fields described above and c acts on the nilpo- 
tent part of the splitting of the Ej(^j^/SU{8) coset. This latter can be constructed [20] as 
Solv (E7(7)/5f/(8)) D Solv {GL{7)/SO{7)) + 7''^ + 35~^ where the generators X^/, X*^^^-^ 
(dual to the scalars A*^^'', A^j^p) setup the algebra 

[Xm,Xm] = [Xm,X*^^^] = 0, (2.32) 

^^MNP^^QRS^ ^ ^MNPQRST^^^ (2.33) 



Given the splitting 56 ^ 7 ^ + 21' ^ + 7'^'^ + 21+^, according to the field-strengths of the 
■'^5 A^mn 



vectors Gff , Afj,MN and of their duals, the explicit form of these matrices is given by 



^MNP 2Lf,/« ; ' 2r/I*^5? e^'^^Q^'^^nsT 

where the a matrix elements follow from (|2.ip and (|2.12p 

L N — UJ Tj^p, 

^MNP = 'iT[MN^P]S + QMNPQ^'^ ) 



(2.34) 



(2.35) 
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and the c matrix elements can be read from the hnear axion couphngs in the Lagrangian 
HH of the form A^T^{G) A J^pl{A) and e^^^^^^^^ARST^^MNiA) A J^pq{A), where A^ are 
the scalars dual to Afj,uM- In fact this implies that 77*^ = e^^^^'^^^^gNPQR^sT- 

It is clear that both the Scherk-Schwarz group and the flux generators act as a triangular 
subgroup of the electric group 67(7) according to the algebra decomposition 67(7) sl{7) + 
so(l, 1) + tj/-4, + ti+4 + ^35-2 + t35/+2, where the weights of the nilpotent generators are given 
according to their SL(7)'^°^^'^^ representation. From this, we can also be more specific on 
the group which can be effectively gauged in the 4-dimensional theory, which is any 7- 
dimensional subgroup of SL{7) whose adjoint representation coincides with the fundamental 
of SL[7) plus any subset of the t^^i-i + ^35-2 nilpotent generators which lie in the electric 
subalgebra. 

We note that the 28 vector potentials with positive 5*0(1,1) weight do not complete 
the 28-dimensional SL{8) representation. In order to do that we need an electromagnetic 
duality rotation between the 7 and 7' (or 21 and 21') |22|. Therefore our gauge algebra 
cannot be obtained within the usual SL{8) covariant formulation of A/" = 8 supergravity. It 
is also different from the "flat" group of ^T] since this latter also has vector potentials which 
differ from ours by electromagnetic duality rotations. 

3 J\f = 4 type II orientifolds with fluxes 

We now pass to the discussion of the effective theories coming from = 4 orientifold 
constructions of type II theories. In the following we are first going to write down the 
general gauge and Kaluza-Klein transformations of the various fields of type IIA/B theory. 
Then we will specify them for the various cases which correspond to the M = 4 orbifolds of 
13 CD] • Finally we will compute the commutators and interpret the results in terms of the 
generators of the symmetries of the scalar manifold. 

3.1 General transformations 

As already stressed in the previous section, the vector fields coming from the metric maintain 
the same transformation rule as in ()2.1|) 

5Gf = 9,^^ - (3.1) 

the other fields instead depend on whether we are in type IIA or type IIB theory. 

Let us start from type IIB supergravity. In addition to the vectors coming from the 
metric, one also has up to 12 vectors from the Neveu-Schwarz and Ramond-Ramond 2- 
forms B and C and up to 20 vectors coming from the 4-form C. 
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The derivation of the transformation rules for the vectors coming from the 2-forms follows 
straightforwardly from the application of the procedure used in the previous section. All the 
fields coming from the reduction of the 2-form fields are subject to transformations under 
the relic of their 10-dimensional gauge symmetry B ^ B + dA, C C + dT as well as of the 
diffeomorphisms B ^ B + C^B, C C + C^C. In order to take in the proper account also 
the fluxes we have to define 

B = b + (3, and C = c + a, (3.2) 

where b and c contain the expansions of the fluctuations over the backgrounds and df3 = 
h = ^hMNP^^' Ae^ Ae^ and da = f = -^Jmnp^^^ Ae^ Ae^ are the non-trivial fluxes. The 
transformations of the 4-dimensional fluctuations is then 

Sb = i^^db + di^b + dA + i^h, (3.3) 
Sc = iujdc + di^c + dV + i^f. (3.4) 

Moreover, in order to get 4-dimensional fields which transform covariantly with respect to 
the gauge transformations, one also employs the composite definitions jl] 

Bufj. = Bufi — BmnG^ , (3.5) 

B^u = B^u — BmvG^ — B^nG^ + BmnG'I^^G^ . (3.6) 

CufM = Cmh — CmnG^, (3.7) 

C^u = — CmvG^^ — Cj^mG^ + CmnG'^^G^ . (3.8) 

The resulting transformations of the vector fields are then 

SBm^ = —^^hpMNG^ + uj^Tpj^,^Bsfj^ — O^Am — T^jj^AsG^ , 

SCMfi = —^^fpMNG^ + LO^Tpj^^Cs^ — O^Tm — '^ilN^sG^ . 



(3.9) 



More care is required in order to obtain the correct transformation rules of the vector 
fields coming from the 4-form potential C. The definition of its field-strength contains a 
non-trivial Chern-Simons term, which reads 

G5 = dC + B AdC -C AdB. (3.10) 

There are mainly two points of concern regarding this definition. The first is that the field 
strength G^ is not invariant under the gauge transformations of B and C unless C transforms 
asC^C — AAdC + TA dB. The second comes from the proper definition of the fiuctuations 
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above the expectation value, which we now want to be non-trivial because of the addition 
of fluxes. Actually, since we want the field-strength to be y^^ independent, the 
dependent contributions coming from B and C must cancel. This problem is solved if we 
define C = c+7 — /5Ac+crA6, where we used (|3.2p and c denotes the real 4-form fiuctuations. 
By doing so, and requiring that the 5-form fiux g follows from g = d'j + (3 A f — a A h, one 
gets an expression for which is indeed y*^ independent: 

G5 = dc + b A dc - c A db + 2{b A f - c A h) + g. (3.11) 

The transformation rules of the 4-form fiuctuations can then be derived by recalling that 
SC = 6c — P A 6c + a A 6b = i^dC + di^iC — KAdC + VAdB + dT,. After some algebra one 
gets that 

6c = i^dc + di^c + i^g + b A i^f - c A i^h - A A {dc + 2/) + T A {db + 2h) + dT,. (3.12) 

As happened for the 2-forms, the proper covariant fields are not directly the reduced 
4-form fields, but rather certain their combinations. We are not going to discuss here the 
complete structure of all the redefinitions and transformations, but focus only on the vector 
fields, which are those needed in order to obtain the gauge algebra. From (|3.12j) one obtains 
that the vector fields transforming covariantly are 

Ci_iMNP = C^MNP + CmNPQ + '^B^[mCnP] — SC^fAf^Arp] , (3.13) 

and their variation is 

6G^MNP = d^Y^MNP + '^^^'^R[M G\^iS\NP] — '^'T[MN'^\t^S\P] — '^G'^Tq^j^T,\s\N P] 

- Af,fMNP-QA[MfMP]QG^ + T^hMNP + QT[MhNP]QG^ (3.14) 
+ ^^^QRMNPqG^ + 6uJ^B^[MfNP]R - 6uJ^C^lMhNP]R- 

We see also in this transformation some unusual terms related to the gauge transforma- 
tions of the tensor fields present in the reduced theory. As for the M-theory case analyzed 
previously, this means that the generic gauge algebra of the effective theory is actually a 
free differential algebra, involving also these tensor gauge transformations. The orientifold 
projections in some cases help us in getting rid of the extra fields so that one obtains ordinary 
Lie algebras in the 4-dimensional theory. When this does not happen, the closure of the 
ordinary Jacobi identities shows the conditions needed for a real interpretation in terms of 
ordinary gauge algebras and therefore we will give them explicitly in the following. 

3.1.1 Type IIA transformations 

In type IIA supergravity the discussion follows the same path. The difference is only in the 
field content. There is a one-form A = a + a whose 4-dimensional gauge field fiuctuation 
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Afj_ = a^j^ + aMG^ transforms as 

5A^ = d,\-u''fNMGl'. (3.15) 

Next, there is the Neveu-Schwarz 2-form B which transforms as ()3.9|) . Finally there is a 
3-form potential C, whose transformation law depends again on its field-strength definition 
Gi = dC + B /\ dA. As for the type JIB 5-form G5, we get a ?/*^-independent definition for 
G4 by setting C = c + •j + a Ab and d'j + ah = g: 

G4^ = dc + aAdb + aAh + bAf + g. (3.16) 

The resulting transformation law is 

Sc = i^dc + di^c + i^g + iujf Ab~ X{db + h) + A A f + dE. (3.17) 

Once again, one has to obtain the proper definition of the 4-dimensional degrees of 
freedom, which, for what concerns the vector fields, are C^mn = C^mn —CqmnG^ — A^Bmn ■ 
These fields transform as 

- ^'^dQMNpGf^ - T^.^j^T.^s ~ Tim^sA^ - 2G^T^^jyjT,\s\N] (3.18) 

— '^B ^\^M f N]P^^ — '^A.[MfN]pG^ + XhMNpG^ — A^LO^hpMN- 

From this transformation we deduce that also in type IIA reductions the gauge fields will 
generically transform under tensor field gauge transformations. Once again, in the following 
we will give the conditions needed for an interpretation of the algebra of these transformations 
in terms of ordinary gauge algebras. 

3.2 IIB Scherk— Schwarz compactification with fluxes and 09— planes 

Now that we have the general form of the transformation laws for the various vector fields 
with respect to both Kaluza-Klein and gauge transformations, we can specialize the results 
of the previous section for the orientifolded IIB theories which yield A/" = 4 effective super- 
gravity. To obtain these theories one has to consider the various orientifold projections on 
the fields and space-time, which imply a reduced spectrum with respect to that considered in 
the previous section. Neglecting the D-branes degrees of freedom, we will always have a total 
of 12 vector fields, which however originate from different 10-dimensional fields, depending 
on the orbifold action. We will also consider contributions coming from both physical fluxes 
as well as from those which survive the orientifold projections despite their potentials do 
not. 
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We start again with a simple case, which however presents most of the relevant features 
which appear in the general one. This is the case of Scherk-Schwarz compactifications of type 
IIB theory when also D9-branes and 09-planes are present. For such compactification the 
orbifold projection does not touch the internal coordinates, which from now on we will label 
according to the orbifold action: first those which are invariant and than those which are 
acted on by the orbifold projection M = {i, a}. For 09-planes we will have M = i = 1, . . . ,6. 
The same projection implies that the vector field content is reduced to 6 vectors coming from 
the metric and 6 coming from the Ramond-Ramond 2-form: 

G;, a,. (3.19) 

In addition, one can turn on a single type of flux, the Ramond-Ramond 3-form^ 

hjk. (3.20) 

As a last ingredient, since we are going to perform a Scherk-Schwarz reduction, we also have 
the possibility to introduce geometrical fluxes, which correspond to the Scherk-Schwarz 
structure constants 

rj,. (3.21) 
Given this setup, the transformations of the vector fields are 

5G'^ = d,u^ - ri.oo^Gl , (3.22) 

for the vectors coming from the metric and 

6a, = -u'h.,G^^ + u%C,, - d,f,. - T^,f,,Gl (3.23) 

for the variation of the Ramond-Ramond 2-form. 

We can now deduce the structure of the gauge algebra of the effective theory assigning 
to the 12 gauge generators the following labels 

Ta = {Z„Y'}, (3.24) 

matching the parameters {uj\ fii} respectively. Considering commutators of ()3.22|) and ()3.23|) 
we can again obtain the commutators of the resulting gauge algebra which reads 

1^"'"' - (3,25) 
\Z„Z,] = /.,iy' + r'Zi. 



^The effect of this flux to the effective theory was not considered in O^], where only "unphysical" fluxes 
were used. 
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In deriving this algebra we also obtain some constraints on the structure constants: 

rl- = 0, and rl^^hi^m = 0. (3.26) 

These allow the closure of the Jacobi identities and have again the interpretation of the 
invariance of the volume of the internal space and closure of the Bianchi identity of the 
Ramond-Ramond 3-form flux /. 

It is possible at this stage to account for the embedding of this gauge algebra in the 
duality group. In this case the duality matrix (jl.4p contains only the matrix a, whereas 
c = 0. This last term is absent because in type IIB theory with 9-branes and 09-planes 
the only axion coupling is SL{Q) invariant, cJ^^^{G) ATm{C), so that we only have a global 
symmetry with respect to the external SU{1, 1) factor of the duality group. 

The other term is fixed by the 5*0(6, 6) action on the vector fields of the theory, which 
we group as {G''^,C^i}. This action is then represented by the SO(6,6) matrix 

where L = Tj/^u^ and X = uj^ fkij + TjjAifc. It is then clear from this explicit representation 
that the Scherk-Schwarz group acts as a triangular subgroup of 5*0(6,6) according to the 
decomposition so(6, 6) o(l, 1) + sl{Q) + t^^, + f^^ , which corresponds to a solvable de- 
composition of so(6,6). In detail, the matrix L is an s/(6) matrix and the X coefficients 
are in the representation 15'~^ of 5'L(6)°^^'^''. As we see, this structure is not changed by 
the addition of fluxes. This same embedding gives us also some more information on the 
possible gauge group of the effective theory represented by the algebra (|3.25|) . The repre- 
sentation ()3.27p implies that we can gauge any 6-dimensional subgroup of 5L(6) and all the 
Peccei-Quinn symmetries of the scalar manifold corresponding to the nilpotent generators 
in the f^^^ which are those associated to the Ramond-Ramond scalars Cij. This pattern 
will be followed also by the other examples where the nilpotent part is always given by a 
15 + (p — 3)(9 — p) dimensional subalgebra of 5'o/f (so(6, 6)) related to the Peccei-Quinn 
symmetries of the scalar manifold. 

3.3 IIB Scherk-Schwarz compact ificat ion with fluxes and 07— planes 

We will now detail another interesting case, which presents some more features than the 
previous: the type IIB Scherk-Schwarz compactification with fluxes and 07-planes. Then 
we will list the results for all the other cases. 

When 07-planes are present, the orientifold projection splits the internal space in 4 
invariant coordinates i and 2 which are acted upon a. The vector field content is given by 
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4 vectors coming from the metric, 2 from the Neveu-Schwarz 2-form, 2 from the Ramond- 
Ramond 2-form and 4 from the 4-form: 



C^, Baf_i, Ca^ Cfiijk- (3.28) 

The allowed fluxes are 

hijay fijay Qijkab^ (3.29) 

and in this case also some of the geometrical fluxes are projected away from the orbifold 
projection. The surviving ones are 

'^ah-: '^jfc5 '''hi- (3.30) 

If we now specialize the transformations of the vector fields listed in section 13.11 we get 

= d,u^ - r]^^Gl , (3.31) 
for the vectors coming from the metric, 

6Ba^ = -oo'h^ajG'^ + uWlB,^ - d^K - r'^AbGl (3.32) 
for the variation of the Neveu-Schwarz 2-form, 

5Ca, = -^'fiafii + uj'rlC, - d.fxa - rt^fihGl (3.33) 
for the variation of the Ramond-Ramond 2-form and 

lifc] + 3r[.^-S^fc]i (3.34) 

for the 4-form. 

Once more we can extract the structure of the gauge algebra from the above transforma- 
tions by considering their commutators. Assigning to the gauge generators the labels 

T^ = {Z„X^y^lyi}, (3.35) 

matching the parameters {a;*, A^, /^a, ^^''^''^jki}, we find the following structure for the gauge 
algebra 
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[Zi,Zj] = hijaX"- + fijaX"- + rf-Z^. 
To get these commutators we need to impose some constraints on the geometrical fluxes 

'''[mn'''p]s ^ 0- (3.37) 
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At the same time there are constraints affecting also the real fluxes 



'^a[i^jk]b - 0, T^[ifjk]b 



0, 



(3.38) 



which are once more a consequence of the 10-dimensional Bianchi identities. It is interesting 
to notice that the Jacobi identities in this case impose a further constraint 



0. 



(3.39) 



Though this may seem strange, it just states that not only the total volume is invariant 
under diffeomorphisms (which yields the known rj^jj^ = 0), but also the volume of the D7 
brane should remain fixed under the surviving diffeomorphisms. This same constraint has 
also an interpretation as the tracelessness condition for s/(4) matrices when discussing the 
embedding of this algebra in the duality one. Together with t";^ = = r^^, this condition 
is needed in order to interpret the above algebra as an ordinary Lie algebra, which is a 
necessary condition to discuss its embedding in the standard full duality algebra. When these 
conditions are not satisfied, one has to employ the full free differential algebra containing 
also the tensors C, 



For this case we will not discuss the full form of the duality action p.4|) . but only show 
the form of the a matrix, which is the one containing the information of the gauged group. 
The Scherk-Schwarz and fluxes action on the vectors can be described according to the 
decomposition 



so(6, 6) 



o(l, 1)^ + s/(4) + sl{2) + t(4_2)(i.o) + ^(4,2)(i^i) + ^(6,l)(2.i) + 



(3.40) 



+^(4,2)(-i.O) + i(4,2)(-i.-i) + '^(6,l)(-2,-i) + ^(l,l)(0,-i) , 

where the nilpotent generators t are labelled according to their [5'L(4) x S'L(2)]°(^'^^^ repre- 
sentations. The Scherk-Schwarz action in particular contains elements gauging the s/(4) + 
s/(2) + t(4 2)(i,o) + i^(4,2)(i'i) + '^(6,i)(2.i) part of the algebra and the fluxes contribute to the 
^(4,2)(i'0) + ^(4,2)(i.i) part: 



kj 

^msnk 
-^jk^ 












\ 


^''^kb 


























, ,k-b 
^ ^ka 


) 



(3.41) 



We therefore see that all the Peccei-Quinn symmetries, but the one of the scalar resulting 
from the 10-dimensional axion Cq and of Cijki, can be gauged. 
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3.4 The other cases 

Now that we have discussed in detail some examples explaining also the derivation of the 
algebras, we will simply list the results for the other possible A/" = 4 orientifolds in both type 
IIB and IIA. 

3.4.1 Type IIB with D5— branes and 05-planes 

The vector field content is given by 

G*^) Ban, ^ilJ- ^nabc, (3.42) 

and the allowed fluxes are 

habci hija, fiabi 9ijabci (3.43) 

rib. r]^. r^- (3-44) 
The transformations of the vector fields read 

SGI = a,a;^-r>^Gj, (3.45) 

SBa^ = -u;%ajG^^ + u;'T^B,,-d^K-T',,hGl (3.46) 

5Q, = uj'Tlf,,-d,^i,-Tl,i,,Gl, (3.47) 

^G^abc = d^^abc - ^G^nrila^\d\bc] " (^^[afbc]iG^n + '^^ fiKbc (3.48) 

+ 3a;V;[„q^rf|6e] + i^'giabcjG'i, + Guj'B^iJb,], + 3T(^^^^c]i- (3.49) 
The resulting gauge algebra is 



(3.50) 



where we assigned the following labels to the gauge generators 

TA = {Z,,X'',Y\Wa}, (3.51) 

matching the parameters {a;*, A^, //j, e'^'^Ubcd} respectively. 

It is interesting to note that in this case there is no non-vanishing commutator between 
X" and despite the fact that this could close on the Wa generators using T^f,€"'^'^ as 











[Z,,Wa] 


= Wh 


[Zi, Zj] 


— hijaX"- — Qijabc^^'^'^'^Wd + T^jZk, 
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structure constants. The straightforward computation of the above commutators gives also 
an extra term in the commutator between Z and W of the form T^j,Wa, but, as above, this has 
to vanish for an interpretation of these commutators as those of an ordinary Lie algebra. This 
follows from the closure of the Jacobi identities and can be interpreted as the requirement 
that the volumes of the D5 branes be invariant under diffeomorphisms. Obviously, when the 
Scherk-Schwarz terms are turned off, these results match those in [SlCni; but for some new 
contribution coming from the 5-form flux which was not noticed before. 
The closure of the algebra requires that the 3-form flux satisfies 

+ T^^fabk = 0. (3.52) 

This has the interpretation as the Bianchi identity of the 3-form flux in 10 dimensions. A 
similar expression for the 5-form flux is not obtained because of the index structure, i.e. 
[ijk] = 0. The same argument also tells us that the 3-form fluxes are such that 

fAh = 0, (3.53) 

which is compatible with the tadpole cancellation conditions for D5 branes. 

In this case the gauge algebra acts according to the decomposition of the duality group 

as 

S0(6,6) 0(1, l)2 + s/(2) +s/(4) +t(i6){0,i) +t(2 4)(i.o) +^{2 4){i.i) +^(ll){2.i) 

(3.54) 

where again the nilpotent generators t are labelled using their representations under [5*^(2) x 
5'L(4)]'^*^^'-^^^ and the Scherk-Schwarz action contains the sl{2) + s/(4) +t(2,4)(i,o) + i^(2,4)(i.i) + 
^(1 i)(2,i) generators. In this case the fluxes do not simply overlap with the Scherk-Schwarz 
action, but allow also for the gauging of the remaining Peccei-Quinn symmetries, since the 
uj^fibc terms are in the t(i^g){o-i) and couple to the generators in the t(]^ g){o,i). 

3.4.2 Type IIB with D3-branes and 03-planes 

The vector field content is given by 



and the allowed fluxes are 



Bafj,, Cafi: (3.55) 



habc, fabc- (3.56) 



In this case no geometrical fluxes are allowed because of the orientifold projection acting on 
the internal coordinates. The resulting gauge algebra is therefore given by purely abelian 
factors as noted in j2SllZIEl- It should be stressed the role of the fluxes in this case. Despite 
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the fact that we obtain an effective theory which is abehan and therefore a = 0, the addition 
of fluxes still implies that there is a gauging of some of the symmetries of the scalar manifold. 
In fact also the action of the duahty group is non-trivial on the gauge field-strengths. The 
c terms in the matrix (|1.4p are non-vanishing j21j and can be described by 

h'^^^Kc + /"^Tc 



(3.57) 



3.4.3 Type IIA with D8-branes and 08-planes 

The vector fields surviving the orbifold projections are 

^M' C'i9^, -Bg^. (3.58) 

The allowed fluxes are 

fiji hijQ, Qijkg, (3.59) 

Tj„ 4, (3.60) 

where the last term is forced to vanish by the invariance of the volume of the D8 brane under 
the surviving diffeomorphisms. The transformations of the vector fields are 

= 9,c.^-r>^Gj, (3.61) 

6A, = d,X-f,,ij"Gl (3.62) 

SBg^ = -u'higjG^-d^A,, (3.63) 

5C^,9 = a^S,9-G^^rj^Sfc9 + ^V^,C'^i9 + ^WG'i (3.64) 

+ XhigjG^^ - A^u^'hm - Bgji.uj^ + Afi.Gl - 4 S^g- (3.65) 

The resulting gauge algebra is then 

[Z„X] = f,,W^, 
[Z,,Y] = h,,,W^, 

3.66 

[Z,,Z^] = f^^Y + K^^X + g^i.kW^ + rf^Zk, 
where the gauge generators 

Ta = {Z,,,Y,X,W'}, (3.67) 

correspond to the parameters {cj*, A, Ag, Sjg}. Once more we point out that these algebra 

reduces to the one of jTU] when the geometrical fluxes are turned off, but for the first 
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commutator and the first term in the last commutator which were not noticed there. The 
Jacobi identities imply the following constraints on the structure constants which can be 
again interpreted as the Bianchi identities in 10 dimensions: 

T[ijhk]9l = 0, T^jgkl]9m = f[ijhkl]9- (3.68) 

Moreover, wc did not include terms of the type rfg and t-j which vanish when considering 
an ordinary Lie algebra, but may be present in the full free-differential algebra. The action 
of the gauge group is embedded in the decomposition of the duality group as 

so(6, 6) o(l, 1)^ + s/(5) + ^5(0,1) + tgd.o) + tio(i,i) + ^5(0,-1) + t^(-m + ^igC-i.-D- (3.69) 
The Scherk-Schwarz reduction gauges a subgroup of sl{5) + tio(i,i) while the fluxes gauge 

t^(o,i) + t^{i,o) + ^10(1.1) ■ 

3.4.4 IIA with D6— branes and 06— planes 

The vector fields are 



and the allowed fluxes are 



G^fMj -Sa/i, Cijn C^ab, (3.70) 



habci hija, fiai 9ijabi (^■''^-^) 



'ab' ' jki 'bi- 

The transformations of the vector fields read 



(3.72) 



5Gi = - r>^Gj , (3.73) 

= -u%ajGi + uWtB,,-d,K-T',,AbGl, (3.74) 

SC^ij = 9^Ejj + 2a;' T^iiC\k\j]n - 2Gj^T^jE|fe|j] - r^-S^fe, (3.75) 

SCfj^b = df,T.ab + 2a;' r^„C|c|b]^ - uj'giabjG^^, - 2G)^r^„S|c|6] (3.76) 

+ 2A[ - 2a;'S^[„/,], - r^^E^,. (3.77) 
We can assign to the gauge generators the following labels 

Ta - {Zi, X", W'^, X"^}, (3.78) 
matching the parameters {a;*, A^, Sj^, T,ab} to obtain the following gauge algebra 

= 2^i^-+T,«x^ 

[Zi,Zj] = hi^^X'^ + gi^abK'^ + T^Zk. 
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(3.79) 



Once more we have some constraints on the structure constants: 

Tijfak + '2T^[ifj]b = 0, '2r[^\[igjk]\b]c - TlijQklabl = '^hij\afb]k- (3.80) 

The action of the gauge group is embedded in the decomposition of the duahty group as 

S0(6, 6) ^ 0(1, If + s/(3) + s/(3) + t(i,3){o,i) + i(3,3)(i,0) + t(3,3)(i.i) + i(3,l)(2.i) ^3 g;^^ 

+^(l,3)(0.-i) + ^(3,3)(-i'0) + ^(3,3)(-i.-i) + ^(3,l)(-2.-i)- 

The Scherk-Schwarz reduction gauges a subgroup of s/(3)+s/(3)+t(3^3)(i,o) +t(3,3)(i,i) +^(i,3)(o,i) 
while the fluxes gauge a t(i,3)(o,i) + t(3^3){i,o) + t(^^^i^(2,i). 

3.4.5 IIA with D4— branes and 04— planes 



The surviving vector fields are 








^1X1 ^ani Ciajxi 


(3.82) 


and the allowed fluxes are 








habci fabi Q^abc- 


(3.83) 






(3.84) 


The transformations of the vector fields are 








(3.85) 


5A, = 




(3.86) 


5Ba^ = 




(3.87) 






(3.88) 



We assign to the gauge generators the following labels 

7a = {Z,y,X",iy"}, (3.89) 
matching the parameters {a;, A, Aq, T^ai} respectively. The resulting gauge algebra is then 

^ ^ ''^ (3.90) 

The action of the gauge group is embedded in the decomposition of the duality group as 

S0(6, 6) 0(1, if + s/(5) + ^5(1,0) + + t^(o.i) + %-i.o) + t5(-i,-i) + tio(o,-i) • (3.91) 

The Scherk-Schwarz reduction gauges a subgroup of sl{5) + ^5(1,0) . 
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4 Final comments 



In the present paper we have derived the gauged supergravity algebras in presence of both 
Scherk-Schwarz and form fluxes in the case of M-theory (A/" = 8) and type II orientifolds 
{J\f = 4). In gauged supergravity, the gauge group together with its symplectic embedding 
in the full duality group, determines the Yukawa couplings and scalar potential of the theory, 
so these can be regarded as mass deformations of supergravity (or massive supergravities). 
In the case of Scherk-Schwarz flat groups or pure flux compactifications, one obtains, at 
least at the classical level, no-scale supergravity potentials which lift some but not all the 
moduli fields. However, it has been shown by Derendinger et al. in a A/" = 1 example 
that a combined action of Scherk-Schwarz phases and fluxes can stabilize all the moduli and 
provides interesting vacua with de Sitter or Anti de Sitter phases. It would be interesting to 
carry out this analysis for the more general A/" = 4 cases here enclosed or cases with A/" = 2, 1 
supersymmetry. 

The combined action of Scherk-Schwarz phases and fluxes gives a rather interesting 
structure of the gauge algebra which acts as a lower triangular matrix in the adjoint repre- 
sentation. This is due to the nilpotent character of the axion symmetries which however are 
not inert under Scherk-Schwarz rotations. Another important feature is that, in the pres- 
ence of antisymmetric tensors and generic Scherk-Schwarz phases and fluxes, the conditions 
on the fluxes from the integrability conditions in D = 10, 11 do not guarantee the closure 
of the gauge Lie algebra. Instead, it provides the closure of a more general structure, a free 
differential algebra, which also explains the non closure of the Jacobi identities of the Lie 
algebra structure discussed in (jl.3p [THj. 

Another interesting case to analyze is the enlargement of the gauged supergravity alge- 
bras in the case of brane form fluxes that can appear when a brane has some longitudinal 
components along the internal torus. Such enlarged algebra for the Heterotic theory was 
analyzed by Kaloper and Myers [H] and it is related by S-duality to the D9-brane orientifold 
case. 

We have also stated that this type of reductions can be useful to understand more general 
compactification manifolds leading to interesting 4-dimensional vacua and their relations. 
In this line, it is useful to remark that it has been shown that a certain reduction of the 
A/" = 8 theory, with a Scherk-Schwarz flat group is actually identical to the type IIB A/" = 4 
T° X orientifold, at least at the level of the effective theory j^. It would be interesting 
to understand if some other relation occurs for more general compactifications on twisted 
tori with suitable form fluxes turned on, along the lines of [7]. This may shed light on the 
duality of different compactification manifolds. 
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